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A RENORMALIZED INDEX THEOREM FOR SOME COMPLETE 
ASYMPTOTICALLY REGULAR METRICS: THE GAUSS-BONNET THEOREM 

PIERRE ALBIN 


Abstract. The Gauss-Bonnet Theorem is studied for edge metrics as a renormalized index theorem. 
These metrics include the Poincare-Einstein metrics of the AdS/CFT correspondence. Renormal¬ 
ization is used to make sense of the curvature integral and the dimensions of the cohomology 
spaces as well as to carry out the heat equation proof of the index theorem. For conformally compact 
metrics even mod a:™', the finite time supertrace of the heat kernel on conformally compact manifolds 
is shown to renormalize independently of the choice of special boundary dehning function. 


1. Introduction 

In [4], Atiyah, Patodi, and Singer extended the Atiyah Singer index theorem from closed manifolds 
to manifolds with boundary. If S is a Dirac-type operator, then 

j AS- ^vidM) = h + Ind(5). 

Whereas on a closed manifold the index is computed solely as the integral of the Atiyah-Singer 
“curvature integrand”, AS, in the presence of a boundary one must include “extended” solutions, 
denoted by h, and the eta invariant of the boundary metric, rj(dM). A key observation in [4] shows 
the equivalence of the APS spectral boundary condition and the condition for “asymptotically 
cylindrical” non-compact manifolds. 

Not all of the index theorems on non-compact spaces involve Fredholm operators having an a 
priori well-defined index, and one makes use of an averaging procedure (such as the group action 
in Atiyah’s P-index theorem) or a regular exhausion (in [31]) to interpret the dimension of the 
infinite dimensional kernel and cokernel. The more traditional index theorems include, along with 
the Atiyah-Patodi-Singer theorem above, its reworking by Melrose in [27], extension to manifolds 
with corners in [28] and [32], extension to locally symmetric spaces in [34], and Carron’s theory of 
Dirac operators which are “non-parabolic at infinity” [7], among many others. 

An interesting case not fitting well into either of these categories is that of Dirac-type operators 
on conformally compact manifolds, such as hyperbolic space and Poincare-Einstein spaces. The 
problem is that the these operators (e.g., the Gauss-Bonnet and signature operators) have inhnite 
dimensional kernel and/or cokernel. In the present work, we work on more general “edge” type 
metrics, and interpret the index by a renormalization discussed below. 

The relevance of PoincarAEinstein, or PE, manifolds in conformal geometry and the AdS/CFT 
correspondence in physics has fueled a lot of recent investigations. Among these, the study of the 
Gauss-Bonnet theorem was carried out in four dimensions in [3], for constant sectional curvature PE 
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manifolds in [30] and in general even dimensions in [10] and [1]. In contrast to previous treatments 
of this theme, here we wish to consider it as a (renormalized) index theorem. The complications 
arise because the L^-cohomology is infinite dimensional (in degree ^dimM). 

1.1. Summary and statement of results. 


A convenient setting is afforded by complete metrics on the interior, M, of a compact manifold 
with boundary, M. This facilitates a discussion of asymptotic regularity and is general enough to 
allow the study of, for instance, asymptotically cylindrical, asymptotically hyperbolic, and asymp¬ 
totically locally Euclidean as well as edge metrics. 

One can make use of a boundary defining function (or bdf: a function x G (7°° ((M) with a simple 
zero at dM and positive otherwise) to identify a neighborhood of dM with a product 

(1.1) [0,l)a:X5M. 


In such a neighborhood, asymptotically hyperbolic metrics can be written 

dx"^ 


+ 


It is often useful to study the product of an asymptotically hyperbolic metric and a closed manifold. 
Edge metrics are asymptotically modeled by twisted versions of these products. 

For these metrics, the boundary is the total space of a fibration. 


F-dM ^ B, 

and the vector fields of bounded point-wise length are precisely those tangent to the fibers of the 
fibration at the boundary. A complete edge metric (a product edge metric in the nomenclature of 
[35]) is one that in a neighborhood like (1.1) takes the form 


( 1 . 2 ) 


dx'^ (j)* {qb) 


+ 


+ Of, 


where is a metric on the base and gp is a symmetric two-tensor that restricts to a metric on each 
fiber. We will deal exclusively with complete edge metrics and henceforth refer to them simply as 
edge metrics. When the dimension of the base, b, is zero, edge metrics are asymptotically cylindrical 
and when the dimension of the fiber, /, is zero, they are asymptotically hyperbolic. 

The elliptic theory of edge metrics is described in [25], while [27] contains both the elliptic theory 
and the index theorem for asymptotically cylindrical metrics. Our proof of the index theorem 
for edge metrics is based on this proof of the Atiyah-Patodi-Singer Index Theorem. We begin by 
reviewing the elliptic edge calculus in section §2. In sections §3 and §4 we set up the “edge heat 
calculus” with bundle coefficients, E, and determine its composition properties. 

Proposition 1.1. There is a bi-filtered algebra of integral operators, composition 

rule 




ki,£i 


o ,(Af,E) c K:SSF'FM,E} 

and “symbol maps ” consistent with the filtrations, known as normal operators, such that 

( 1 - 3 ) 

Poo,2^00,2 ^ 0 


,ki+k2,£i+£2 I 


pilfiCufl 


O^^M-1 ^11,0 

^ e,Heat ^ e,Heat 
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are short exact sequences. 

Here 53ii,o and *Boo ,2 are two boundary hypersurfaces of the “heat space” of §3, and denotes 
smooth functions vanishing to infinite order at all boundary hypersurfaces other than X. 

Given these normal operators, we construct a solution to the heat equation in much the same 
way as one uses the symbol map of pseudo-differential operators to construct parametrices of elliptic 
operators on closed manifolds. 

Theorem 1.2. The heat kernel associated to the Laplacian of an edge metric is an element of 

In section §6, we present a proof of the index theorem. The heat equation proof of the index 
theorem on a closed manifold boils down to showing that the supertrace of the heat kernel is 
independent of time and comparing its values as time approaches zero and infinity. The heat kernel 
in Theorem 1.2 is not trace-class nor is the Laplacian Fredholm, so in §6.1 we describe a scheme 
for renormalizing integrals, traces and dimensions. The Laplacian of an edge metric (with b > 0) 
has a spectral gap at zero, so as time approaches inhnity the renormalized supertrace converges to 
the renormalized index of the de Rham operator. However a generalized Dirac operator might not 
have closed image, e.g., this is the case for the Dirac operator on Hyperbolic space [6]. As time 
approaches zero, the local index theorem asserts the convergence of the pointwise supertrace of the 
heat kernel to the integrand of the Atiyah-Singer index theorem, AS. Unlike for closed manifolds, 
the renormalized supertrace of the heat kernel does depend on time, so the index theorem contains 
an extra term, ^r], which in the asymptotically cylindrical case is the eta invariant of [4]. We show 
that localizes to a neighborhood of the boundary, and vanishes for the de Rham operator. The 
full analysis of this invariant will be carried out in [2] through a Getzler rescaling of the bundle at 
the boundary, along the lines of [27, Chapter 8]. 

Theorem 1.3. If M is an edge manifold (with dimR > Oj and is a generalized Dirac operator, 

R [ AS + %= hm «Strfe-(3")'V 

Jm ^ ^ 

In the special case of the Gauss-Bonnet operator this limit exists and equals the renormalized index, 
'^lnd(SGB)- renormalized eta invariant vanishes and hence 

R j Pff = ^Ind(gGB)- 

Notice that this theorem applies in particular to the conformally compact metrics. In the asymp¬ 
totically cylindrical case (6 = 0), a full analysis can be found in [27]. The index of 9^ is always 
finite though the image is closed only when the induced Dirac operator over the boundary has no 
null space. The corresponding index theorem is that of [4]. 

We focus on the Gauss-Bonnet theorem in section §7. The main task is to specifically interpret 
the two sides of this theorem. For the ^ J Pff, we prove a ‘soft’ index theorem. By considering the 
Chern-Gauss-Bonnet formula on the truncated manifold with boundary {x > e}: 

[ Pff+ / X = x{{x>e}), 

Jx>e Jx=€ 

and letting e —> 0, we obtain the following result. 
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Theorem 1.4. For an edge metrie, 

^ [ PS + FP [ X = X{M). 

Jm £-0Jx=£ 

Thus the renormalized index differs from the Euler eharacteristic by a boundary integral, 

^lndinGB)=x{M)-FP [ X 

^=0Jx=e 

Einstein edge metrics with trivial fibre (/ = 0), or Poincare-Einstein metrics, are of interest 
to the physics community because of their role in the AdS/CET correspondence. We showed in 
[1] that the boundary integral in Theorem 1.4 vanishes in this context. One interesting aspect of 
renormalization for these metrics is the existence of a distinguished subset of bdfs. Many invariants 
have the same renormalization independently of the choice the bdf from among these “special” bdfs. 
In [1], this was seen to be the case for all scalar Riemannian invariants. We were also able to show 
that EPe=o Jx=s X so that, in conjunction with the fact that on any conformally compact manifold, 
[24] 

^lnd(gGR) = (-l)^dimR''=(M,aM) + (-l)™/^ (^^dimlf™/^) + ^ (-1)^ dimR'*^(M) 

fc<f k>f 

k<f 

the following is true. 

Corollary 1.5. For Poincare-Einstein metrics (or any conformally compact metric even below x™' 
ef. section ^8), 

^ j Pff = x(M). 

In particular, this implies that 

(_l)"i/2 = ^(-l)^dimR'''(M,aM) - ^ (-1)^ dimR'^(M, 5M). 

fc>f fc<f 

In section §8, we show that the same conclusion holds for the trace of the heat kernel at any fixed 
finite time. 

Theorem 1.6. If g is a eonformally eompaet metrie that is even mod x™, the renormalized trace 
of the heat kernel of the Hodge Laplcian acting on forms, obtained after ehoosing a special bdf is 
independent of the choice of special bdf. 

The proof proceeds by constructing an even subcalculus and showing that the Laplacian and 
then the resolvent are elements of this subcalculus. The result for the heat kernel follows from its 
functional calculus expression in terms of the resolvent. The same construction could be used for 
other functions of the Laplacian. Colin Guillarmou has independently singled out the same class of 
even operators in his forthcoming study of a generalized Krein spectral shift function. 
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1.2. Extension to other metrics. 


Edge metrics are a particular example of “boundary fibration structures” [29]. Other examples 
include metrics that on a neighborhood like (1.1) have the form 


dx"^ , 
0^ + hx, 




■ ■\dx‘^ 

+ hx, 


dx'^ 


m 


. hx 


. .dx'^ (t>*gB . 
tv)^ H- ^+9F, 


r} 

v)^r- + (l)*gB + x^gp- 


These model a wide variety of asymptotic geometries. Metrics (i) and {ii) correspond to different 
compactihcations of cylindrical ends and are studied in the 6-calculus and the cusp-calculus, respec¬ 
tively. The radial compactification of M” yields a metric of type {in) as do other asymptotically 
conical manifolds. These are the subject of the scattering-calculus. Finally, the last two metrics 
correspond to fibered boundaries and fibered cusps respectively. 

One can proceed further and consider iterated fibrations at the boundary, with metrics of the 
form 


^ _^ 9k 

Those with oq = max{aj}, and all Oj > 0, can be considered as iterated edge structures, and will 
be refered to as MICE (Metrics with Iterated Complete Edge structures). The construction of the 
heat calculus and the proof of the composition rules (Proposition 1.1) extend to cover MICE, as 
explained at the end of section 4. Assuming that the model problems can be solved, one should be 
able then use the heat kernel to prove a renormalized index theorem as before: 


^ J AS-^^ 9 = hm ^Str • 


For the Gauss-Bonnet operator, the proofs of the vanishing of the renormalized eta invariant and 
the limiting or “soft” index formula (Theorem 1.4) hold for MICE. In section 7.2, we describe the 
boundary integral when each of the fibrations have trivial base or fiber. In particular, we have the 
following result. 


Theorem 1.7. For asymptotically cylindrical metrics, or more generally those with a* = 0 fori > 0, 

Pff = y(M). 

For scattering metrics (type {Hi) above), 

J FS + P{dM,ho) = x{M), 

where P {dM, ho) is a linear combination of the Weyl volume of tubes invariants of the boundary 
with the metric ho. 

There is an L^-index theorem for asymptotically locally Euclidean metrics [8], 

J Pff = Xi2(M). 

The L^-Euler characteristic is the alternating sum of the (finite) dimensions of the spaces of harmonic 
forms. It is known that this is a topological invariant [21]. 
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Corollary 1.8. For scattering metrics, the difference between the L'^-Euler charaeteristic and the 
topological Euler charaeteristic is given by a linear combination of the Weyl volume of tubes invari¬ 
ants, 

x{M)-XL^{M) = P{dM, ho). 

1.3. Acknowledgements. This work forms part of my thesis. I am very grateful to my advisor, 
Rafe Mazzeo, for his guidance and inspiration. Throughout this work, I received support from his 
NSF grant DMS-0204730. I am also grateful to Richard Melrose for fruitful conversations on this 
project. I would like to thank Colin Guillarmou for uncovering an error in an earlier draft of the 
final section, and for useful conversations about renormalization. 

2. The Edge Calculus 

We start by recalling the edge calculus from [25]. Let M be the interior of an m dimensional 
manifold with boundary M. Assume that the boundary dM is the total space of a fibration 

F -^dM ^ B, 

and denote by Vg CTM the vector bundles that are tangent to the fibers of the fibration. Denote 
the dimensions of M, F, and B by m, /, and b respectively. 

It is instructive to use local coordinates to describe Vg. Let {dy.^,..., dy,^} be local coordinate 
vector fields for B and {dz ^,... dzf } local coordinate vector fields for F. Assume that x is a boundary 
defining function, or bdf. That is, x is a smooth positive function on M with a simple zero at dM. A 
full set of coordinates for TM near the boundary is given by {dx, ,..., ..., dzj.} =: {Aj}, 

thus Vg has as local spanning set 

(2.1) {xdx,xdyj^,... ,xdy,^, dz„...,dzf}. 

As discussed in [25], these vector fields are a basis of a bundle, known as the edge-tangent bundle, 
^TM. It is isomorphic to the tangent bundle, though not canonically so. The natural inclusion 

(2.2) ^TM ^ TM 

is an isomorphism over the interior of M, but degenerates at the boundary. 

An edge metric is a symmetric two tensor in the dual bundle to MM, M*M. In a product 
neighborhood like (1.1), an “exact” edge metric (cf. [27], [35]) has the form 

dx"^ h 

—T ^- 2 9 F 

where h [dM= f* {qb) for some metric on the base gB and gp is a symmetric two tensor in the usual 
cotangent bundle T*M. Thus, these are asymptotically like the product edge metrics, (1.2), and at 
the boundary MM decomposes orthogonally into 

(2.3) MM idM= {xdx,xdy^,.. .,xdyf) © {dz^,.. .,dzf) 

where the bundles on the right are the kernel and the image respectively of the map (2.2) at the 
boundary. 

The enveloping algebra of MM is the space is edge differential operators. Thus, in local coordi¬ 
nates, an edge differential operator is a polynomial in the vector fields (2.1), 

(2.4) L = ^ {x, y, z) {xdxY {xdy)'^ {dz)^ ■ 

i+\J\ + \K\<t 
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Analogously to the closed case, the highest order terms transform like elements in ®T*M. As 
a homogeneous polynomial on ®T*M, the symbol is invariantly defined with a local expression 
corresponding to (2.4) given by 

^ ai,J,Kix,y,z){^y ir]y iC)^ . 

i+\j\+\K\=e 

An edge differential operator is elliptic if this symbol is invertible away from the zero section. The 
Laplacian of an edge metric is elliptic as an edge differential operator. 

As usual, the search for a parametrix for elliptic differential operators leads to considering more 
general, pseudo-differential, operators. These operate via integration against an integral kernel with 
a conormal singularity along the diagonal, as for closed manifolds. However, these parametrices 
will generally have additional singularities where the diagonal hits the boundary. The point of 
view adopted in [25] is that the integral kernel should be considered a push-forward of a simpler 
distribution on a more complicated space which covers and is known as the edge-stretch product 
or the edge double-space. 

To construct the edge double-space, we observe that the additional singularities of parametrices 
of edge elliptic operators occur along approaches to the submanifold of the corner, 

dMxdM = {(C, CO e dM^ : 0(C) = 0(CO}, 

B 

known as the fibered product of dM with itself over B. To resolve these singularities we introduce 
polar coordinates around this submanifold. In the language of [27], this corresponds to blowing-up 
the submanifold, and can be viewed as replacing dM x b dM with its inward-pointing spherical 
normal bundle to obtain the edge double-space 


m2 


M‘^,dM xdM 

B 


The new boundary face produced by this blow-up is known as the (edge) front-face and is denoted 
IBii. The other boundary faces, IBio and IBoi, are (induced by) dM x M and M x dM respectively. 
The blow-up construction furnishes us with a blow-down map 


m! 


M^, 


which collapses IBn. This is an example of a “6-map”, since the pull-back of any bdf is a product 
of bdfs and positive functions. 

The kernels of edge pseudo-differential operators are poly homogeneous conormal distributions on 
Ml as we now describe. Denote bdfs for all boundary hypersurfaces of a space X hy Xi, then using 
multi-index notation, a distribution u is poly homogeneous conormal if 

Pj 

(2.5) u e A*pf,g (X) ^ u ^ ^aj-p(x,|/)x*^'(logx)^,aj,p G 

dlsj^oo p=0 

A finer space can be described by fixing the set of exponents {sj,p} that are allowed to occur. We 
require of such a discrete set, i? C C x No, that 

i) {sj,pj) G E, I {sj,pj) I ^ oo 3? (sj) oo 
ii) {s,p) G E {s + k,p — i) G E, for any /c,£ G N,£ < p. 
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in which case we refer to E as an “index set” or a “smooth index set”. If £’ is a collection of 
index sets, one per boundary hypersurface, the space is defined by restricting the expansions 
in (2.5) to those having exponents from £. A distribution has a conormal singularity at an interior 
“p-submanifold” (see [25, App. A]), Y, if its transverse Fourier transform is a symbol. The order of 
the singularity is determined by the order of the symbol and the space of such functions of order m 
is denoted by {X, Y). Finally, given £ and m, we can dehne the space of edge pseudo-differential 

operators Tf’”^(M; as those having integral kernel in Apf^gl"^ (,dAge', Pn where 


diage := (3, 


-1 


diag \ dM x dM 

B 


and pii is a bdf for IBn. 

The reason for using half-densities is so that it makes sense to compose operators. The composition 
can be analyzed geometrically. Starting with the formula for the kernel oi Ao B, 

iCaob{CX") = [ iCa{C,C')iCb{C',C"), 
k' 

note that in terms of the maps 


(C,C',C'0 



(C,0 (C,C'0 (C',C") 


it can be written 

( 2 - 6 ) EaoB = iku^A ■ Pmr^b) ■ 

This analysis is carried out in [25] by constructing a “triple space”, Mg , with nice maps (6-fibrations) 
down to the “left”, “right” and “center” double spaces, 

(2.7) m3 

' ' 

m2 m 2 Mg2 

6-hbrations are nice in this context because they preserve the space of polyhomogeneous conormal 
distributions (for a discussion of these, see e.g. [25, App. A], [18], or [28] ). The triple space is 
constructed by blowing up the three copies of dM x b dM to be found in M^, which we denote Slm, 
Sir, and Smr, after having blown-up their intersection, Slmr- Thus, 

Mg = [m3; Slmr; Slm U Slr U Smr] ■ 

The composition result shown in [25] is as follows. If A G B G T™ and 

K(F;oi) + »(Fio) > -1, 
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Figure 1. A diagram of the triple space, M|. 


then Ao B is defined and is an element of with 

Gio = (Fii + Fio) UFio 
Gqi = (-E'oi + -^ 11 ) UFqi 
Gn = (-£'11 + -P’11) U {Eio + Foi + A: + 1). 

Here the operation D or extended union of the index sets is defined by 

EUF = E U E U {[z,p + p' + l) : {z,p) € E, {z,p') G F}. 

In [25] it is shown that the calculus above is large enough to contain parametrices of elliptic edge 
operators, when these exist. These are constructed with the aid of a second “symbol map”, the 
normal operator, N{A), obtained by restricting the kernel of A to the edge front-face, An 

operator is Fredholm if both its classical symbol and its normal operator are invertible. Since the 
Laplacian is a natural operator, its normal operator is in turn the Laplacian of the model metric. 
Hence, for an exact edge metric, by (2.3) 

(2.8) N^{A) = A^,Af. 

This has implications for the essential spectrum of the Laplacian. It is easy to see that this only 
depends on the behavior near the boundary. Indeed, multiplication by a function y supported in 
the interior of the manifold is a compact operator so 

(^ess (^) — (^ess {A O Adi—j^-) . 

More to the point, since A — A is elliptic, it will be Fredholm precisely when Ne{A — A) is invertible. 

In particular, since the Laplacian of a conformally flat metric has a spectral gap at zero [24], so 
will the Laplacian of an exact edge metric (with dimH > 0). On the other hand, since the Dirac 
operator of hyperbolic space does not have a spectral gap at zero [6], neither will that of a general 
edge metric. 
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3. The Heat Space 


It is convenient to keep in mind the heat kernel of Euclidean space, 


hoiC,C',t) 


(27rt) • 


■ exp 


it ) 


Away from the heat kernel vanishes to infinite order as t ^ 0, but along the diagonal 

at {t = 0} it blows up. To understand the behavior along different directions of approach to this 
submanifold {C = Q',t = 0}, the invariance of t~^\C — C'p with respect to 
suggests performing a parabolic blow-up. 

This heuristic is true also for the heat kernel of an edge metric. We define the heat space 
corresponding to Mg by performing a parabolic blow-up, in the direction of dt, of the blown-up 
diagonal at time zero. Symbolically, 


HMg = [Mg X M"*"; diagg x {0}, {dt) . 



Figure 2. A diagram of heat space, HMe- 
The construction of HMe furnishes us with a natural blow-down map, 

HMe ^ Ml X M+, 

which collapses the boundary face created by the blow-up, ^oo,z, the “temporal front face”. The 
boundary faces of HMe are easily described. The faces *Bio, iBoi, iBn from Mg give rise to boundary 
hypersurfaces which we denote by ®oi,o, and respectively. The “temporal boundary 

face”, consists of that part of {t = 0} that was not blown-up, formally 

53oo,i = ((M2 \ diagg) X {0}). 

We shall use p* to denote boundary defining functions of bdfs. Thus, for instance, poo ,2 is a positive 
function vanishing simply at ^oo,z- 

The effect of the blow-up is most clearly seen in terms of local coordinates. We describe projective 
coordinates, valid away from {x' = 0}. In the interior, we can use the usual coordinates 

((x, y, z ), (x', y\ z') , t) = ((, t) . 



GAUSS-BONNET THEOREM 


11 


These same coordinates, with t replaced by work away from Near but away from 

®oo,i, we use 


(3.1) 




Finally, near both and iBoo, 2 , 


X — x' y — y' z — z' 


, {x', y', z') , =: ((5, U, Z) , C', 


xTV2 ’ x't^^ ’ tV2 
are smooth coordinates. 

We describe the (edge) heat calculus by specifying the regularity of its integral kernels. Define 
the density bundle, KD, by 

(3.2) KD := ^ VnV {HM ,). 

The kernels of the operators in the heat calculus will be elements of 

(3.3) KD) := pgo, 2 Pn,oCo“ 2 ;ii,o (™e, KD), A: > 0, £ > 0 


where C^ 2 ti 0 refers to functions vanishing to infinite order at all boundary hypersurfaces except 
®oo ,2 and For the moment we will assume that /c > 0, we deal with A: = 0 by introducing 

additional “mean value” assumptions, as in [ 12 ], at the end of this section. 

These kernels define operators in a couple of different ways. Recall that the solution to the heat 
equation in Euclidean space is given by 


{dt + A) f{t,x) = 0 
lim/(x,t) = f{x) 




/ ho{x,x ,t)f{x')dx . 
JR" 


Analogously, given an element Ka £ we define an operator 


(3.4) (M; 4 C— (m x M+; DV2) by A (/) (C, t) = (j.JCa) (C, C', A)/(C'), 

where 7 denotes the full blow-down map, HM^ x M"*" ^ x M"*". We denote the space of 

such operators with integral kernels in J(f^’^{M,KD) by KD). 

In (3.4), C“°°, the dual space of C°°, is a much larger target than we need. To understand the 
actual regularity of this mapping, we take a closer look at the push-forward of the kernel. First note 
that a partition of unity allows us to assume that / has small support, and that for / supported 
away from iBoo ,2 and A(/) is clearly in . So we may assume that / has small support near 

53 oo, 2 - It will be convenient to use the coordinates 


(3.5) 


f X — x' y — y' z — z'\ 1/9 

4 ’ 




for which we may use x for pn^ and for poo, 2 - 

Recall [18] that push-forward of a density is the dual of pull-back, that is, 

j = j 4 (</>) a ^- 
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Thus, if we write 


^ \dCdS'dU'dZ'dt^^'^\^/^ \dCdS'dld'dZ'dt\^/^ 

i^A ;;7Tq z pr; z i^A 


m+3 _ k b+1 

t 4, 2X 2 


-£ 


m ^_l_l b +1 p ’ 

t 4 2 


we can use that the Jacobian of 


C' ^ {S'M\Z') is 


to write the formula in (3.4) as 
(3.6) 


iAf){C,t)= [ (7)*/CA(C,C',t)/(C')= f ^A ° f 


t 4 2X 2 


KA (c, 5', U', Z', f(x- y - z - dS'dU'dZ' 


\dCdt\^/‘^ 
J t^~^x~^ 


where ttr : ^ M is the projection onto the right factor. We end up with a much more satisfying 

version of (3.4), 


(3.7) 


A (Z 

^ ^ ^e,Heat 


{M,KD) C°° ^ [m x M+2;5^ 


1/2 

M 


where the 1/2 in R+, indicates that the functions are smooth in instead of t. 

There is another way in which these operators act. Consider the bilinear map [12, (B.16)], [11, 
(3.22)] 


(m X M+; 0^/21 X (M X (joo /'^2 ^ 




given by 


poo 

(j)i^iP = / (p(^(^^t + t')'ip (C', t') dt'. 

Jo 


An 


operator A € (M, KD) defines a continuous linear map 


(3.8) 

by demanding that 

Equivalently, 

(3.9) 


C“°° M X 


P + . 


M X R 




A,p. 4 >)= (ICa)Xh(<PviI’)- 

Jhm, 


Aij{C,t)= / {l*}(:A){CX',s)^p{c',t-s)dsdc'. 


M Jo 


Note that if 1 / G C°° (M; then 

ip{C,t) ■= i^{C)S{t) Aip = A^p, 

so solving the heat equation means finding an operator. A, such that 


'(9t + A)A = 0 

lim A = Id 
>0 


{dt + A) A = 5{t) Z Id. 
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Notice that the right hand side of the last equation is precisely the kernel of the identity as a 
convolution operator (3.9). The kernel density bundle (3.2) is defined precisely so that the identity 
is (so far formally) an operator of order zero. Define the space of kernels 

jrO’^(M, KD) := (FMe, KD)J> 0, 

where the bar over 00, 2 indicates the following mean value condition. It makes sense to restrict 
any kernel 1C G ^^’^(M, KD) to fBoo.z which fibers over M (with fiber a compactified edge tangent 
bundle). We require that the integral of 1C along each fiber vanishes. 

The point is that for a kernel in /C G KD), the integral in (3.8) does not necessarily 

converge near iBoo.z- On the other hand, if we restrict to a neighborhood of ^oo,z, say U := 
[0, e) X ^TM, then 

[ 1C-Ph {<ph4>) = lim / [ [ dvol 

JU < 5^075 JMJfihre t' 

exists because, by the mean value condition, the innermost integral goes to zero with t (see [35, 
(72)]). 

An advantage of (3.8) over (3.7) is that these operators can be composed. We shall analyze the 
composition in the next section. 

4. Composition of Operators 

The composition formula for heat operators acting by convolution, as in (3.8), is 

Ka.b (C, C", t)= ! Ka (C, C', t -1') iCb (C', C", t'). 

JC,t' 

To analyze this formula geometrically, note that in terms of the maps 





{C,c,t-t') (C,C",t) {C',c,t') 

we have 

(4.1) ICaoB = iPLR,t)^ {(^*LM,t-t'^A ■ PMR,t'^B) ■ 

Thus we need a triple heat space, H^Mg, with nice maps (6-fibrations) down to the “left”, “right” 
and “center” heat spaces. In this section, we follow the construction of the heat calculus for closed 
manifolds in [12, App. B] and that of the triple edge space from [25] to construct this triple heat 
space. For the operators defined above, the resulting formula is given by the following corollary of 
Theorem 4.2. 

Corollary 4.1. Let A* G 'I'g*]^g^^(M, iFD) for i G {1,2}. If ki > 0 then the eomposition is defined, 
and Ai o A 2 G 

The construction below works quite generally, as we will discuss at the end of the section. As the 
constructions of this section will not be needed in other sections, the reader may feel free to take 
the corollary on faith and skip ahead to the next section. Throughout this section we consider more 
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general spaces of operators, Heat where <5 is a “smooth index set” as in section 2. We take as data 
the existence of a double space and a triple space for the elliptic calculus, along with 6-fibrations 


(4.2) 



It will be useful to start by analyzing the time variables. Let := M+ x R'*' = {(s,sO} 
consider the three maps: 

(s,s') 

\ \ 

S s + s' s' 

The first two maps are projections, and easily analyzed. For a function / on R^ and a density 
^ = g{s, s')dsds' on we have 

'^Lfis,s') =/(s), and (71^)^^= g{s,s')ds''^ ds. 

Whereas for the third map, 

[ 7 r 5 /(s,s')^ = / /(s + s')5((s,s')(isds' 


(4.3) 


hence 


f{t) (^J g{t-t',t')dt''^ dt, 


s') = /(s + s'), and (vr^)^ = ( / 9{s - s', s')ds' ) ds 


Note that ns is not a 6-fibration, it is not even a 6-map. Indeed, n*{t) = s -|- s' is not a product 
of boundary defining functions and a positive function. The remedy is to blow-up the corner and 
consider instead of the space Tq := [T^, {0,0}]. The advantage is that now all of the maps in 


T^:= [rM(0,0)}] 



are 6-fibrations. We will denote the boundary hypersurface at s = 0 by IBio, that at s' = 0 by IBoi 
and the new boundary face from the blow-up, IBn. 

Since products of 6-fibrations are again 6-fibrations, we set, e.g., I3mr,r '■= Pmr x t^r and obtain 


Ml X T2 


MI X 




Ml X R^ 


Ml X 
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As we want maps into copies of HMg, we still need to blow-up := P*** (diagg x {0}) 

parabolically. Similarly, define the “triple diagonal”, TDg, as the closure of the lift of {{m, m, m, 0,0)} 
from X to Mg x Tq . Define H^Me by 

^ TQ-^TVe, {ds,ds') ; , {ds) ; , {d{s + s')) ; , {ds') . 

Recall ([12] cf. [28, Prop. 5.12.1]) that from a 6-hbration, E B, we get another one by 

[E;p-^S),dt] E 

(4.4) ; 3 | 

[B-,S,dt] B 

Thus we get 6-fibrations, e.g., (denoting t — t' by s) 

^ ^0 ) , {ds, dt') ; {HT>f ,), {ds ); {E[T>e ), {dt ); {HVe) , {dt') 

i= 

^0 ; {HT^e)LR,t > (^t) ; {TVe) , (ds, dP) ; , {ds) ; , (dP) 

i 

i PLR,t 

[Mg X ; diagg x {0}, (dt)] = HM^, 
which fit into the diagram of 6 -fibrations we needed; 



The triple heat space has fourteen boundary hyper surfaces. Seven of these, with R, i 2 , 

and Z 3 either 0 or 1 (not all 0), come from the elliptic triple space, see section 2. Three of these, 
®ooo,io, ®ooo,oi, ®ooo,ii, correspond to t — t' = 0 , P = 0 , and t = 0 respectively, away from the 
diagonals. Another three boundary faces come from blowing up the diagonals: 
and Finally, there is a boundary face from the triple diagonal, 

It is useful to have the exponent matrices of the 6 -fibrations in (4.5): 
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001,00 

010,00 

100,00 

110,00 

101,00 

011,00 

111,00 


10,0 

0 

0 

1 

0 

1 

0 

0 

01,0 

0 

1 

0 

0 

0 

1 

0 

11,0 

0 

0 

0 

1 

0 

0 

1 

00,1 

0 

0 

0 

0 

0 

0 

0 

00,2 

0 

0 

0 

0 

0 

0 

0 


000,01 

000,10 

000,11 

MR ,02 

LM ,20 

LR ,22 

LMR ,22 

10,0 

0 

0 

0 

0 

0 

0 

0 

01,0 

0 

0 

0 

0 

0 

0 

0 

11,0 

0 

0 

0 

0 

0 

0 

0 

00,1 

0 

1 

1 

0 

0 

2 

0 

00,2 

0 

0 

0 

0 

1 

0 

1 




001,00 

010,00 

100,00 

110,00 

101,00 

011,00 

111,00 

l3LR,t 

10,0 

0 

0 

1 

1 

0 

0 

0 

01,0 

1 

0 

0 

0 

0 

1 

0 

11,0 

0 

0 

0 

0 

1 

0 

1 

00,1 

0 

0 

0 

0 

0 

0 

0 

00,2 

0 

0 

0 

0 

0 

0 

0 


000,01 

000,10 

000,11 

MR ,02 

LM ,20 

LR ,22 

LMR ,22 

10,0 

0 

0 

0 

0 

0 

0 

0 

01,0 

0 

0 

0 

0 

0 

0 

0 

11,0 

0 

0 

0 

0 

0 

0 

0 

00,1 

0 

0 

1 

0 

0 

0 

0 

00,2 

0 

0 

0 

0 

0 

1 

1 




001,00 

010,00 

100,00 

110,00 

101,00 

011,00 

111,00 


10,0 

0 

1 

0 

1 

0 

0 

0 

01,0 

1 

0 

0 

0 

1 

0 

0 

11,0 

0 

0 

0 

0 

0 

1 

1 

00,1 

0 

0 

0 

0 

0 

0 

0 

00,2 

0 

0 

0 

0 

0 

0 

0 


000,01 

000,10 

000,11 

MR ,02 

LM ,20 

LR ,22 

LMR ,22 

10,0 

0 

0 

0 

0 

0 

0 

0 

01,0 

0 

0 

0 

0 

0 

0 

0 

11,0 

0 

0 

0 

0 

0 

0 

0 

00,1 

1 

0 

1 

0 

0 

2 

0 

00,2 

0 

0 

0 

1 

0 

0 

1 


Next, we will rewrite (4.1) in terms of 6-densities, as we can then apply a convenient form of 
the push-forward theorem. We denote by ux a standard non-vanishing half-density on X, and 

_ m+3 _ b+1 

abbreviate UHMe and i^h^m to and Ufja respectively. Note that JCa = kaPqq 2 Pii 0 so (4.1) 
becomes 


m+3 


_6+l 


'^AoBPoo,2 Pii,o — {I3lr,s)^ 


m+3 


. 6+1 




m+3 


. 6+1 


PlM,L ( ^^6*00,2^ 6'll,0 j ■ PmR,R y^^BPoop Pllfi 
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_ m+3 _ b+1 

Abbreviating pull-back via subindices and multiplying both sides by Pqq ^ Pn o ^H-, this becomes 


(4.6) 


— ( 772 + 3 ) —(6+1) 2 ( o \ 

/^AoBPoO 9 Vll,0 = {PLR^S), 


_ m+3 _ b+1 

i^A)LR (^b)mR ( Poo,2 Pll,0 


LR,LM,MR 


(4.7) 


This is easily computed making use of the commutative diagram(s): 

Ph3 




m3 X T2 , 



where the left-most column is the diagram (4.5). Indeed, a consequence of (4.3) is that 

{dsds') = tdt 

or 7rJ(9]R-i-) = P+92’2. Using this, it is easily seen that 


>LR,LM,MR ~ 


(^^M 2 xIR+)j 

and that (cf. [35, Lemma 2.2]) 

Ph xR+) — Poo ]2 Plt.O^HM, 

/ 3 + (Umsxt^) = 7 * ((piio,ooPioi,ooPoii,oo)^^^ PnlooUjv^ixT^) 

/ \6+l 26+2 * f A 

— lPll0,00Pl01,00P011,00j Plll,Oo7l J 

/ 2h+2 f \JTi-t-l 2m-t-3 o 

— iPllO.OOPlOl.OOPOll.OOj Pill.00 \PMR,02PLM,20PLR,22) PlMR,22^^H^Mj 


(4.8) 


SO that 


/ ^ + 3 b+1 \ 

(P00,2' PlhO 


LR,LM,MR 


■ Tn +3 b +1 / m + l b +1 

Poo ,2 Pll ,0 (^/^00,2^ Pll,0 /^7/(^M2 xE+ 


LM,MR,LR 


- {pOoT^^PlIT^) Ph {^PxTg) 


LM,MR,LR 

/ 3 ’.-(m+2) / 3 ’.-(&-I-1) 

— \PMR,02PLM,20PLR,22PlMR,22) fPll0,00Pl01,00P011,00Plll,00 j 

/ \6+l 26+2 / \m+l 2m+3 2 

lPll0,00Pl01,00P011,00j Pill,00 {PMR,02PLM,20PLR,22) PlMR,22^H^M 

_ / —772 — 3 —6—1 2 

— \PMR,02PLM,20PLR,22) PlMR,22Pi11,00^H^M- 

Notice that thus (4.6) is 

(4.9) I^AoBPoo,2 Pi1,0 — if^LR,t)^,\{KA)i^M ('^b)mr(PMR,02PLM,20PLR,22) PlMR,22Pi11,00^H^ M 
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We change this to 6-densities. Recall that a 6-density is a smooth density divided by a “total” 
boundary defining function, hence 

= (pio,oPoi,o6>ii,o6>oo, 1 ^ 00 , 2 ) and 

= (pool ,00 • • • Plll,00P000,0lP000,10P000,llPiW'R,02PLM,20PLR,22PLMR,22) 

Substituting into (4.9) and simplifying yields 

(4.10) KA.B^ — iPLR,t)^, I (^A)iM (^r)mR Pl01,00PLfi,22P010,00P000,0lP000,10 ■ 

Finally, we can conclude using the push-forward theorem. 

Theorem 4.2. Let A G ^ ^ ^e,Heaf Then provided 

• 5R(Roi.o) + 5R(Rio.o) + 1 > 0 

• 5R(Roo,i) + 1 > 0 

• 3?(Roo.i) + 1 > 0 

• ^{Eoo,2) > 0 

• 3 ?(Roo. 2 ) > 0 , 

the composition Ao B is well-defined and is an element of Heat where 

• Gio^o = ^-lo.oU (ifii.o + Rio,o) 

• Goi,o = Roi.oU (Rqi.o + Rii,o) 

• Gii^o = (4?ii,o + Rii,o) U (i?io,o + Roi,o -f 6 -I-1) 

• Goo,i = 6foo,i + Roo,i 

• Goo ,2 = (£- 00,2 + Roo, 2 ) U (2ifoo,i + 2Foo,i -I- m -I- 2). 

Proof. We apply the push-forward theorem using the exponent matrices and ( 4 . 10 ). The integrability con¬ 
ditions are at the faces: $010,00, $000.01, $000,10, $000,02, and $000,20, since these are mapped into the 
interior by Plr,s- GI 

Looking back over the proof of the theorem, it is easy to see that the same construction works much more 
generally. The point is that for all Metrics with Iterated Complete Edge structures, or MICE, the heat space 
is constructed in the same manner as HMg. Namely take the appropriate double space, say and let 

iJMany = [M^ny X R’^;diaga„y X {0}, {dt)]. 

Similarly, the above construction of the heat triple space plays out the same way given only the diagram 
(4.2). As for the densities, note that the construction of the triple heat space factors through x Tq as 
in (4.7) with all of the remaining blow-ups involving only the temporal variables. 

So assume that we have such a calculus, 'i’ any,Heat- Denote by S' the part of S corresponding to spatial 
boundary hypersurfaces and £" = {E'f, Elf) the index sets corresponding to the temporal boundaries. 

Theorem 4.3. Let A G any Heat B G any Heat- Assume that operators in '^any '^^^y compose 
with resulting index set 

any any — any 

Then provided 

• ^{E'O -b 1 > 0 

• sR(Fi") -b 1 > 0 

• SR(E") > 0 

• ^{E!f) > 0, 

the composition Ao B is well-defined and is an element of u^at where Q' is as above and 

• G'{ = E'{ + F” 
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• G'i = {E'^ + F") D ( 2 F" -h 2 F" + m + 2 ). 

That is to say, for MICE, the heat calculus is just the elliptic calculus together with the heat calculus 
for closed manifolds. Notice that the situation is different for incomplete metrics. Heuristically, the “heat” 
arrives at the boundary in finite time, and thus the boundary (or parts of it) need to be blown-up at {t = 0 }. 
For instance the heat space for an incomplete edge metric is pictured below. 



Figure 3. Heat space for an incomplete metric 


5. Construction of the Heat Kernel 


In this section we will construct a solution to the heat equation by constructing its Schwartz kernel as a 
distribution on HMg. The plan is to solve away its Taylor series at each of the boundary hypersurfaces and 
then deal with the remainder. To this end, we shall make persistent use of the “normal operators”. These are 
extra symbol maps necessitated by the presence of the boundary. They are given by restricting the suitably 
weighted kernel of the operator to each of the boundary hypersurfaces. Thus if H G 
its normal operators are 

( 5 . 1 ) = p-l^lCA and = p-,^,ICA • 

Just like the symbol map in the usual pseudodifferential calculus, these maps fit into short exact sequences: 


( 5 . 2 ) 






k-i,e 

e,Heat 

k,£-l 






k,l 

e^Heat 

k,e 


Noo,: 


Nil 


PiUoCn.o (»oo.z,FiJ L«8 o»,J ^0 
Poo,2^00,2 ED ^ 0. 


' e,Heat ^ e,Heat 

The spaces on the right can in turn be interpreted as spaces of kernels of operators from simpler calculi. 
Indeed, $00,2 fibers over the diagonal of M and can be thought of as a compactified (edge) tangent bundle 
and the normal operator at IBn o can be thought of as a family of normal operators from the elliptical 
calculus. 

The heat equation, when restricted to the boundary hypersurfaces, induces equations for the corresponding 
normal operators. More generally, we have the following lemma wherein we will think of the symbol of an 
(edge) differential operator as a constant coefficient differential operator on the fibers of the (edge) tangent 
bundle. 


Lemma 5.1. Let A e {M,KD). IfV is any edge vector field on M, with symboEa{V) and normal 

operator NfiV), then t^/'^V o A G KD) and 

N(ip o a) = f/^NfiV)N(,^o{A), and <0.2 o a) = <^a{V)N^^^fiA). 
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Similarly, tdt o A G normal operators 

(tdt o = tdtN(,^oiA), and N^o ,2 (tdt o A) =-^{TZ + m - k + 2) <o. 2 (^)- 
Here TZ denotes the radial vector field on the fibers of^TM. 

Proof. The proof consists of a computation in local coordinates. We will use coordinates as in (3.5) 


(5.3) 


C, 


X — x' y — y' z — z 




xtl/2 ’ a;tl/2 ’ tl/2 

Let V be an edge vector field, and V its adjoint. Then we have 

(5.4) {vM,ct>) = {Afi,V'fi) = = {p*H^L{vyiCA,P*H{<PHi’)), 

where fin.L is the map HMe x R+ ^ M induced by projection onto the left factor of M. Notice 

that the integration by parts implicit in (5.4) are justified since edge vector fields are tangent to all spatial 
boundary faces. It is important to keep track of the densities in (5.4), note that by (??) and (??) for any 
G (M X R+;Oi/2), 


ICa 


dC,dS'dU'dZ'dT 




--1 


(TidCdC'rftp)) = Ua 


dC,dS'dU'dZ'dr 


m + 3 


— k, 


b+i _ 


T 2 2 

k-l^i 




dC,dS'dU'dZ'dT 


_ m + 1 _ b+1 

r 2 X 2 


= {lCAy~^x^ \dCdS'dU'dZ'dT\^ ,fi*H (4') \dCdS'dU'dZ'drl^- 


Thus the kernel oi VA is ^(1L')'/C^, and we can find the normal operators by conjugating with a defining 
function. For instance for W a vector field as above, at IB, 


•'11,0 5 


Niip{WoA)—x ^K,\yoA Lii,o—-^ii,o(4F) (x ^K-a) Lii,0) 

so Nii^ofW) = x-y*jjj^{W')’x^ tiyo, while similar reasoning yields iVoo,2(IT) = i(IF')'T'=-i Loo, 2 

(the k — 1 from the densities). 

We can carry out the lifts: 


I^H.L ydaf) = X 


o , A y~y' A 

9x T T .1 /T ^5' 9.1 /9 


X^tl/2 


X^tl/2 


= xdx-s'ds'-vi'du' + ^ 


I3h,l [xdy) = X 




du' 


= xdy 


tl/2 


dz' 


I^H.L ('9z) — dz + 

Hence A) = (F) A^oo,2(24) as we only keep that part of the lift divided by Note that 

.^ii,o(f^^^4^24) = fi/'^N{V)Niifi{A) with NfV) the normal operator from the elliptic calculus as near Q5ii,o 
and away from *8oo z we can use coordinates in which the temporal and spatial variables do not interact, e.g. 
(3.1). 

Similarly, consider the effect of tdt- Its lift under the projection HMg Mf x IR+ ^ IR+ is given by 


so since 


— fc+l /D* 


Ph,l {{idt) ) 


2t 


/\' k-l 


—dr - ^ is'ds' pu'du' + Z'dzfi 


T = T 






PHLi-Id-tdtYT'^-^ = -Id- T 


- fc +1 


^dr - l-TZ 
2 2 


k-l 


= -Id + T ^Y + '^dr - ^ (to + ^ = Idr - ^(n + m-k + 2) 
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we conclude that -/Vgg, 2 (^^t^) = —\{T^ + 'ni — k + 2) -/Vgg^ 2 (^)' 

This lemma, together with the composition result from section §4, allows us to construct a solution to the 
heat equation. 

Theorem 5.2. Let A he the Laplacian of an exact edge metric. There exists a unique solution H G 
iAD) to the heat equation 


{dt + A)n = 0 


lim TL = Id 
t^o 


{dt + A)n = Id. 


Moreover, H has normal operators: 


in) = Id at {C,v) G ^T*M 

(47r)= V 4 J 

^11,0 (n) = exp i-tA-ab) exp {-tAp) 


Proof. By the previous lemma, the heat equation imposes 

(5.8) (^V(A) - i (7^ + to)^ N^o, 2 in) = 0 and 

(5.9) (5t + A,(A))Ai%(H)=0. 

Furthermore, we have a boundary condition, most easily expressed using (3.6). Indeed, note that if A G 
Heat then, upon restricting to t = 0, A acts as a multiplication operator 


AfiC)= J ^AiC,S',U',Z',0)dS’dU'dZ' fiO\dCdt\^ 


Our boundary condition is thus 

(5.10) [ KAiC,S',U',Z',0)dS'dU'dZ'= 1 [ iVg^a (H) = Id. 

J J fiber 

Equations (5.8) and (5.10) are fibre-by-fibre conditions. As in [27], on any fixed fiber we can choose coordinates 
so that ®cr(A) is the Laplacian on R", the unique solution is then seen to be (5.6). 

Clearly, (5.7) solves (5.9) and (5.6), (5.7) are consistent. Hence there exists G(i) G '^^f^Heati^^ ^D) with 
normal operators given by (5.6), (5.7) and satisfying (5.8), (5.9), (5.10). By exactness of the sequences (5.2), 
this implies that 

[dt + A) G(i) = Id — R{i), 

with i?(i) G 'I'g’^g^j(M, ATU). By the composition formula. Corollary 4.1, i?* G hence the series 

Yf can be summed, say to Id -I- S', S' G Hence, with 

^) = %) o (id + s), 

{dt + A) G(2) = Id — S(2), 

with i?( 2 ) G 4/Xa* {M,KD). Thus G(i) and G( 2 ) are parametrices of first order and infinite order, respec¬ 
tively. Finally, any element of Id -|- has an inverse in the same space (cf. [27, Prop. 7.17]), so G( 2 ) 

can be improved to an actual inverse, TL. □ 

Just as in [27, §7.6], one can extend the discussion to generalized Dirac operators with bundle coefficients. 
If E is a bundle over M, we define the space of operators just as before but with the coefficient bundle 
replaced by 

(5.11) jr'=’^(M, E) = jr'=’^(M, KD) {HMe, f}*H (Horn {E ® KD*))). 
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The discussion of composition and the construction of the heat kernel can be extended to this context. 


6. The Index Theorem 

On a closed manifold McKean and Singer noticed the remarkable fact that the super-trace of the heat kernel 
is independent of t. Since the index is the limit at infinity of the heat kernel, one obtains the index theorem 
from the short-time asymptotics of the heat kernel. On an edge manifold, the heat kernel is unfortunately 
not trace-class. Nevertheless, we obtain an index theorem by renormalizing the super-trace of the heat kernel 
and comparing its values as time goes to zero and infinity. 

6.1. Renormalization. 


6.1.1. Renormalized Integrals. 


A manifold with an edge metric, (M, g) is topologically a manifold with boundary, and the study of edge 
metrics naturally involves densities defined on M with expansions at the boundary, of the form 




n-k 

(loga:)^ 

k> — N j—0 


dxdvoldM, 


with Qkj smooth. Expansions of this form are known as polyhomogeneous conormal distributions, and will be 
referred to as phg. Naturally, the coefficients in this expansion depend on the choice of bdf, but the existence 
of the expansion and some information about the exponents involved is independent of this choice. Densities 
of this form are generally not integrable, yet it is precisely their integral that will interest us! 

Recall how the T function is defined on the complex plane. We start with an explicit integral expression 

r( 2 ) = / t^~^e~*dt 

Jo 

defined on a half plane {Re(z) > 0}. Then we use the series expansion of the exponential to meromorphically 
continue r(z) to the plane. 

Similarly, given a density /i with a phg expansion and a choice of bdf, x , we consider the zeta function 


Cx{z) 


/ 




This is initially defined on a half plane, but can be meromorphically extended to the complex plane by using 
the phg expansion of /i. We define the renormalized integral of /i as the finite part of Cxiz) at the origin, 

(6.1) m = FPC.(z). 

Jm ^-0 

Alternately, we could consider the integral of /i on the truncated manifold {a: > e}. The phg expansion of 
fj, induces a phg expansion of 

>£ 

in £, and we could define a renormalized integral of /i as the coefficient of e^. 

Both of these renormalization schemes are widely used in the literature. The latter is the definition used 
in [27] to define the “6-integral”, for instance. We refer the reader to [1] for a comparison of the two schemes. 
For the integrals of interest here, these two definitions coincide, and we shall mostly use (6.1). 
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6.1.2. Renormalized Dimension. 

If ^ is a trace-class operator that acts through an integral kernel 

Afio = J ica (e,n/(e') dc', 

then Lidskii’s theorem expresses its trace as the integral of its kernel along the diagonal, 

Tr(A)= I ICa{^,0 de 

This applies in particular to smoothing pseudo-differential operators on closed manifolds. 

A smoothing operator on an edge manifold is also given by integrating against a smooth kernel, but its 
restriction to the diagonal fails to be integrable. Nevertheless, kernels of edge pseudo-differential operators 
have, by dehnition, phg expansions at the boundary faces of the double edge space. In particular, the 
restriction to the diagonal of a smoothing operator will have a phg expansion at the boundary and we can 
use the discussion from 6.1.1 to define its renormalized integral, hereafter known as its renormalized trace, 

«Tr(A) = «| ICa{^, 0 dt 

Finally, assume that the projection, V onto a subspace of L'^{M) is an element of define the 

renormalized dimension of this space by 

^dim = ^Tr (P). 

This applies to the spaces of harmonic forms, or more generally, the null spaces of elliptic edge pseudo¬ 
differential operators by the results of [25]. 

Note that the renormalized dimension is only a dimension by analogy. It is a priori neither positive nor an 
integer. Nevertheless, we shall see that it comes up naturally in the heat equation proof of the index theorem. 

6.2. The Index Theorem. 


In analogy to McKean-Singer, consider the identity 

(6.2) ^lim ^Str - liin ^Str ^ dt^Stv dt. 

Note that both sides depend on the choice of bdf, x. 

Lemma 6.1. If the image o/9^ is closed, then 

(6.3) lim ^Str = ^Ind (9). 

t^OO \ J 

Remark. By the final remark of section §2, this lemma applies to the Laplacian of an exact edge metric 
with dimi? > 0. 

Proof. To prove the lemma, it suffices to show that the heat kernel converges uniformly to the integral kernel 
of the projection along the diagonal. Let V be the projection onto ker9, and consider 9o = 9 — 7^. As 9 q is 
a positive injective operator with closed image its spectrum has a positive lower bound, Ai. Thus, for any to, 

0 < < e~*^^ {uj, uj) . 
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we see that 

iCt +2 (C, C) = (C, CO fCt (CO C'O /Cl (C'O C) = (e‘"«/Ci (c, •), ic, (c, •)) 

< (/Cl (C, •), /Cl (C, •)) = e-‘^^/C 2 (C, C) ■ 

By Theorem 5.2, /C 2 restricts to the diagonal as a smooth function on a compact set, so we have uniform 
convergence of Kt (CiC) to zero. The lemma follows from the relation 

= (e-* - 1) 7 ^ + 

□ 


The work for the limit as t ^ 0 has already been done in [27]. Indeed, by the local index theorem we know 
that the (pointwise) supertrace of the heat kernel in the interior of M tends to the Atiyah-Singer integrand, 
AS, 

str (C) ^ AS (C), 

for any ( € M. Indeed, the convergence is uniform in C°°. As discussed in [27], 


(6.4) 


lim^Strfe-**^') / AS 


can be thought of as following by continuity. 
As for the final term in ( 6 . 2 ), note that 


c/tStr 1 

=-istr( 


3,ge' 

(6.5) 

\ / Z ' 

= -istr( 

'[x^ 

3] ge 

hence, 




( 6 . 6 ) 

2 J 9t«Str(e' 

-43"' 

j dt = 


0-43 


= -^Str([x^g] + 




3,a;^ge 


) 


istr ([a;^ 9] = ^Str (cf (d (x^)) = |str fx^ a 


/o JdM 


str ( <^1 ( 


[di; 


dt. 


J(-i) 


This is similar to one of the standard definitions of the 17 invariant. Indeed, in the asymptotically cylindrical 
case, this is the usual rj invariant of the boundary, see [27]. We will refer to this as the “renormalized rj 
invariant” and denote it by ^ 77 . In the next section, we will show that for the Gauss-Bonnet complex, ^77 = 0. 
A more detailed analysis of ^77 will be carried out in [2], via the “Getzler rescaling” technique of [27, Ch. 8 ]. 
We put (6.3), (6.4), and ( 6 . 6 ) into (6.2) and obtain the following theorem. 


Theorem 6.2. If Q is a generalized edge Dirac operator, then 

^ [ AS-l^r]= lim ^Str (3). 
J 2 t^OO 

If the image o/S is closed, then this limit is ^Ind(3). 


Finally, except for the construction of the heat kernel, we have used nothing specific to edge metrics not 
shared by other MICE and this theorem is true for any such metric once the heat kernel has been constructed. 
On the other hand, Theorem 6.2 is unsatisfactory in that two of the three terms remain mysterious. In the 
next section we will remedy this for the Gauss-Bonnet operator. 
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7. The Gauss-Bonnet Theorem 


Consider the de Rham operator, 


n* (M) ^ n* (M). 


The space of forms on an even dimensional manifold is naturally a Z/2-graded Clifford module with respect 
to the splitting 

n* (M) = f]®™" (M) 0 (M), 

and the Clifford action 

cC {9)uj = 9Au) — 0JUJ. 

The Gauss-Bonnet operator, Sqb, is the corresponding Dirac operator. As we have anticipated, in this 
situation the renormalized rj invariant is trivial. 

Theorem 7.1. For the Gauss-Bonnet complex, 


str d 


t) 


= 0 , 


hence, from (6.5), Str ^ is independent oft. In particular, this implies that (Sgb) = 0- 

Proof. Note that 


is given by 




Sgb 

—QgB 


where 3 gb = Sgb - B{^Wxda,- 

Similarly, with respect to this splitting, we have: 


A = 


_i^GB [V,9gb] 

[V.Sgb] 


,dx 




0 -1 


hence 


,dx. 


.t( —)SGBe-‘^ = 
X 


^GB 

. SgB —'^xda, 


exp —t 


3gb JV.Sgb] 

V [V,Sgb] 9gb'-V2 


Aee B, 
B,r, A. 


Note that this is formally the same expression if we were to interchange the even and odd parts, 


fi 'T' fi 'T' 

nfYdM) © — A ^ ^(5M) © — A 

X X 


That is, we have 


so in either case the trace is 

and the supertrace vanishes. 


A B 

■^ee ^oe 

R A 

^eo -^oo 




A R 

■^oo ^eo 

R A 

^oe -^ee 




tr ^ + tr (n° ^ 


□ 
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Thus we know from Theorem 6.2 that 

(7.1) ^ y Pff = ^lim «Str . 

We can supplement this equation through Chern’s Gauss-Bonnet theorem for incomplete metrics on manifolds 
with boundary. We think of the resulting limiting formula as a “soft” index theorem in contrast to (7.1). 


7.1. Soft Index Formula. 


On an even-dimensional manifold with boundary, (X,g), Chern’s Gauss-Bonnet index formula is 

(7.2) / / X = xiX), 

Jx JdX 

where Pff is the Pfafhan and X is a polynomial in the curvature and the second fundamental form. This 
easily yields the following formula. 

Theorem 7.2. Let {M,g) be the interior of a compact manifold with boundary, x a bdf and assume that g 
has a phg expansion at dM in terms of x. Then the Pfaffian and X o.lso have phg expansions in x, so that 
we may define their renormalized integrals as in section ^6.1.1. Furthermore, these satisfy 

(7.3) ^fpS+Fpf X=X{M). 

J ^=0Jx=e 

Proof. The Pfaffian and X are polynomials in the curvature and the second fundamental form, hence inherit 
a phg expansion from that of g. Now, we simply consider (7.2) for the manifold {x > e}, 

/ PS+ f X = X({a; > 4) • 

J {a:>£:} Jx—e 

For small enough £ the right hand side is x{X[), hence independent of e. Thus the left hand side must be 
independent of e. So the equality is true replacing the left hand side with the term in its expansion, and 
this proves the theorem. □ 


For the next section it will be useful to have explicit expressions for the Pfaffian and X on a manifold of 
even dimension m = 2n. For an arbitrary local frame, denote the curvature by R and the second fundamental 
form by If, then the Pfaffian is given by 


Pff = 


(- 1 )" 

23”7r"n! 


E 

0’,TGi:2n 


(_l)kl+t- 


I r><yi<72 

^ ^ri T2 


^^T2n 


-l<y2n 

-lT2n 


dvol. 


and similarly 

^ 2397r‘?g!vol _ 2 — 2g)! 

with 

n — ikl + PI R'^1‘^2 . . D0’2,_1(T2<}TT‘^2<}+1 . . . TfO'm-l 

Wq,m — 2 ^ t J.; ^TiT2 ^T2q-ir2q ^T2q+1 ' 

We will use the formalism of double forms as set out in [22] and [17] to compute with the curvature and the 
second fundamental form, see [1, §4]. 
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7.2. Fibrations with Trivial Base or Fiber. 

The simplest boundary fibration structures correspond to fibrations with zero-dimensional bases or fibers. 
These include asymptotically cylindrical metrics (b-calculus), conformally compact and asymptotically hyper¬ 
bolic metrics (0-calculus), as well as asymptotically flat (scattering calculus) and others. Near the boundary, 
these metrics can be put in the form 

fjx‘^ h 

(7 4) -1- — 

) Q,22.2r, ^ a.2/3 > 

where rj > 1 and /? > 0 are constants, 77 > /?, hj, is a family of metrics on dM, and a is the pointwise length of 
\dx\ with respect to the metric g below - in particular it does not vanish when a; = 0. The analysis of X for 
these metrics is similar in the appearance of the Weyl volume of tubes invariants for {dM, hx)- Nevertheless, 
only in the simplest situations {j3 = 0 or (3 = rj — 1) can we figure out FPg^o jx= ^ direct computation. 

Our study of X proceeds by comparing the curvature, R, and second fundamental form, n, of (M, g) with 
the corresponding tensors for 

dx^ 


Tensors corresponding to g will be differentiated from those corresponding to g by the presence of a bar. 
Since X only involves directions tangent to the boundary, we can use the Gauss equation to compare the 

curvature R oi g and i? of g by comparing R^^ and R^^ as well as II for g and g. Note that 

For the second fundamental form, consider a local frame (Fermi coordinates), {Xi}, for 'g centered at a 
point p G dM with Xi orthogonal to dx =■ Xm, and the corresponding local frame, X := x^Xi, Xm = x^Xm 
for g (cf. [1, §3]). The second fundamental forms are given by 

n {X,,X,) = g (V^ aX™) = ir:”, n (X, Xj) = iy-. 

These are easily compared using the Koszul formula 

(y. 

n (X, X,) = ag {Vx,Xj,X^) = - [X,g iX,,X^) + X,g {X^, X) - {X,,Xj) 


Hence as double forms. 


+ g {[X,,X^] , Xxn) + g{[X^, X] , X^) - g ([X„ , X)] 

0. 

= - l-Xmg (Xi, X,) + g{[X^, X] , X,) + g ([X^, X,], X)] 

= x'^n (X^Xj) + a(3x^-^g,^. 


lI{X„Xj)=x^-^ (xir + am) {Xi,Xj) . 


Using the Gauss equation, we have found the change in curvature (for vector fields tangent to the level 
sets of x) 


m(Xi,Xj)(Xk,x,) = 


(X,,X,)(Xk,Xi) 


{X,.X,) {X,.X ,). 
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Note the different behaviors for different values of ry, (3. For asymptotically cylindrical ends (ry = 1, /? = 0), 

{Xu.Xt) = (X,,X,) (Xk,Xe) . 

On the other hand conformally compact metrics (j] = P = 1) are asymptotically isotropic, 

In particular, since the left hand side does not depend on the choice of x, neither does a [qm- In fact, 
from (7.6), this is true whenever P ^ {0,ry — 1}. A bdf for a conformally compact metric is called special 
if |(ix| = a IdM on a neighborhood of the boundary. Given any bdf xg and a conformally compact metric 
g, there exists a special bdf x with x'^g [dM= x^g ioM Conformally compact manifolds with a [dM= 1 
are known as asymptotically hyperbolic. These include the Poincare-Einstein manifolds of the AdS/CFT 
correspondence in physics. Another interesting particular case is that of scattering metrics (ry = 2, /3 = 1) 
which are asymptotically flat, 

A,) (Afc, A,) = - x^^ - x^om-g-x^a^^ (Ai, A,) (A^, A,) . 

Radial compactification of R" to a half-sphere of the same dimension produces a scattering metric. 

What does (7.6) tell us about X? We can alternately think of 91 as 

or^He^2^®^2 ^ 

with the latter yielding the coefficients for the former when viewed as a two-form. We have found a relation 
between y\{Xi, Xj){Xk, X^) and some other double form, say 6, evaluated at {Xi,Xj){Xk,Xe), i.e. we have 
expressions for the coefficients of 91. This means that 

({A,}) ^ ({A,}) ^ ({AJ) ^^''> ({AJ). 

Also note that both (7.5) and (7.6) are polynomials in 

x^^R^^,x^I[, and a;''“^Q;/3g. 

Thus we can conclude that, for some constants Ca,b,c, 

(7.7) X = ^ [(M®'^)“^V(Ai,...A„_i)' . 

2 a+fc+c—n —1 

This expression simplifies when P = 0, 

(7.8) x= ^ Ca,bx'^^[(m^^yT'’(Xi,...X^_,) 

2a-\-b—n—l 

and when /3 = ry — 1, 

(7.9) X= ^ Ca,b,cX^a^[(W'^yT'’r(Xi,...X^-i) . 

2a-\-b-\-c—n — l 

Thus we have shown the following consequence of the soft index theorem (Theorem 7.2). 

Corollary 7.3. Assume that M is an even-dimensional manifold with a metric of the form (7.4). If P = 0, 
e.g. for a asymptotically cylindrical metric or a cusp metric, 

(7.10) FP [ X = 0, hence ^ [ PS = x{M). 

==0X=e J 
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If instead we have (3 = rj — 1 and a = I, such as for a scattering metric, then 


(7.11) 


FP 

€—0 


[ X = Pwn {dM, ho) 
J x—e 


is a linear combination of the Weyl volume of tubes invariants of the boundary metric ho, hence 

Pff + P^.„ {dM, ho)=x{M). 

Proof. The proof of (7.10) follows directly from (7.8) which shows that X vanishes with x. Similarly, when 
f3 = r] — 1, (7.9) shows that 


FP 

£=0 


(7.12) 


X = E C'a.O.cO" 

2a-\-c—n — l 




(2t) 


1 


^ ^ (n-l-2g)!!j!(g-j)!29-J 




□ 


8. Finite Time Trace on Conformally Compact Manifolds 


A particular type of edge metric, when the fibers of the boundary fibration consist of a point, is known as 
a conformally compact metric. So called because the metric g = x^g, where x is any bdf, extends to a metric 
on M. In terms of (7.4), conformally compact metrics correspond to (3 = rj = 1. As we remarked above, for 
these metrics it is possible to choose a “special” bdf, x, so that a = a [om- Throughout this section, x will 
always denote a special bdf. 

The study of these metrics began in [24] and [26], where their Hodge theory and the meromorphic contin¬ 
uation of the resolvent were carried out, respectively. In particular, from [24] we know that 9 g_b has closed 
image and that the spaces of harmonic forms have topological interpretation: 


n 


k 

L2 


H’^{M,dM) iffc<f 
if/of’ 


where we are assuming that M is even dimensional. The harmonic forms in middle degree form an infinite 
dimensional space, essentially because of the conformal invariance of the L^-norm in middle degree. Thus the 
Gauss-Bonnet Theorem 7.1 in this context is 


Corollary 8.1. For any choice of bdf, x, on an even-dimensional conformally compact manifold, 
^ f PS = ^ (-l)'=dimij'=(M,(9M)-h (-1)™/^ (^dim7i:™2^^) + ^ (-1)'= dimi7'=(M) 

k<^ k>^ 

= 2 ^ (-l)'=dimi7'=(M,aM) -k (-l)’”/2 (^^dimH™/^) . 

k<^ 


Note that both sides depend on the choice of x, though the dependence of the renormalized integral of the 
Pfaffian is exactly compensated by that of the renormalized dimension of middle-degree harmonic forms. 

In this context, (7.7) becomes 


X 




2a-\-b-\-c—n—l 
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Thus the constant term in the expansion of X involves integrating over the boundary the x‘^ term in the 
expansion of (] H 'g'^ (-^i, • ■ • Xn-i) , and in general there does not seem to be a simple approach to 
understanding these terms. 

There are special classes of conformally compact manifolds for which we can show that 

FP / X = 0. 

This is true whenever the family of tensors hx from (7.4) has an expansion in x involving only even powers of 
X below x". It is a nice property of these manifolds that this property is independent of the choice of special 
bdf [19]. This can be traced back to the following very useful fact about special bdfs. If x = and x 

are both special bdfs, and hx has only even powers of x in its expansion below then uj{x, y) has only even 
powers of x below x^^^ in its expansion at the boundary. In [1, Thm. 4.5] we prove that FP^^o Sx—e X = 0 
under the (slightly) more general assumption that the expansion of hx is even in x below and the 
term in its expansion is trace-free. This is true for example on Poincare-Einstein manifolds, of particular 
interest since they occur in the AdS/CFT correspondence in physics. (Note that in [1] we state this theorem 
for asymptotically hyperbolic manifolds, i.e. those with a = 1, but the same proof works for conformally 
compact manifolds.) We state this formally as a corollary to Theorem 7.2. 

Corollary 8.2. For conformally compact metrics that are even below x™ for any special bdf, x, 

^Jpff = xiM). 

In particular, from Corollary 8.1, this implies that 

(_1)W2 ^ (-l)'=dimi7'=(M,aM) - ^ (-1)'= dimi7'=(M, SM). 

k>^ 

An important invariant in the physical AdS/CFT theory is the renormalized volume, 

^ Volume — ^ J • 

This depends on the choice of bdf used to renormalize the integral, but gives the same answer for every choice 
of special bdf. This follows from the fact that the expansion of dvol in x consists of even terms up to x”. In 
[1] we show that the same is true for any scalar Riemannian invariant. This includes all of the heat invariants, 
i.e. the coefficients occurring in the short-time asymptotic expansion of the trace of the heat kernel. In this 
section we will show that if the metric is even enough, the trace of the heat kernel for any fixed time t > 0 
itself has a renormalized integral independent of the choice of special bdf used to renormalize it. 

To this end, we will use the representation of the heat kernel as the inverse Laplace transform of the 
resolvent. Then mapping properties of the resolvent will be parlayed into information about its expansion in 
X, a special bdf, culminating with the evenness of the heat kernel at the front face up to pff. 

8.1. Even Functions and Operators on the Stretched Double Space. 

We proceed as in [27, Chapter 7] to define even pseudodifferential operators. We start by recalling, as in 
[19, §2] the space of even functions on an asymptotically hyperbolic manifold. We use this to define a space 
of even functions and then operators on the double stretched product. Our goal is eventually to show that 
the heat kernel is in this calculus (cf. Corollary 8.9). 

Given a special bdf, x, we can use the flow of the gradient V x^gX to identify a neighborhood of the boundary, 
lAx with a product neighborhood, [0, Ex) x dM. In the interior of this neighborhood, g can be expressed by 

dx^ h{x,y,dy) 
x^ x^ 


( 8 . 1 ) 
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We will assume that the expansion of h at the boundary contains only even powers of x below , and say 
that g is even mod x^^. It turns out [19, Lemma 2.1] that the coordinate changes (x, y) i—> (x, y) that preserve 
the form of the metric on [0,£a;) x dM have local expansions at the boundary of the form 

i+i i+i 

(8.2) a; = -I-O , y = bj{y)x^^ -\- O . 

1=0 1=0 

In particular, if g is even mod x"^^ for one special bdf, it is even mod for any special bdf. We will refer to 
coordinates for a neighborhood of dM of this type as ‘special’ coordinates. 

Similarly, the spaces of even functions and odd functions mod respectively denoted C'“g„(M) and 
are also well-defined independently of the choice of x. We want to define C'“en(-^o)- Whatever this 
space is, it should certainly contain 


(8.3) f3l (Cr^eniM)) ■ Hr (C^.eniM)) + PI {CZAM)) • P*R {CZAM)) . 

We start with the following polar coordinates on Mq 


(8.4) 


(i?, w, v) := -h {x'f + ly - J/'P) " , ^ 


y-y' A y + y' 


where x, x' are the same special bdf on their respective factors. Consider, for / G C“g„(M), 

PI if) = f (i?u;o, V + RJ) ~ ^ (iicuo)" fk {v + Rio') ^ ^ R^ fk (a;o, uo', v). 

even 

Because / is even mod x^^ we can conclude that below the even terms in this expansion are even with 
respect to the reflection 

/ $ / 

U! —!■ —OJ 


while the odd terms are odd with respect to <I>. The same is true for 

H*r if) = f (RoJm, V - Ruj '). 

Thus we can achieve the inclusion of (8.3) by defining F G C'“g„ (Mp) if, in the coordinates (8.4), 

(8.5) F{R,uj,v) ~ R'’FAco,v) + R^^F'{R,lo,v) 

j<2i 

with Fj respectively even or odd with respect to $ if j is even or odd. Similarly, F G C^id {Mq) if Fj is even 
with respect to $ for odd j, and odd with respect to 4) for even j. Notice that functions that are odd with 
respect to 4> necessarily vanish at the diagonal. Hence, if F is an even function on Mq and we identify the 
diagonal with M, F restricts to the diagonal to an element of C'“g„(M). 

For this space to be well-defined, it should be independent of the coordinates on M that we started with. 
So consider {R,u},v) defined by (8.4) in terms of (x,y) satisfying (8.2). As in [27, Proposition 7.7], note that 

(R\ _ x"^ + x’’^ + \y - y'p 

\r) ~ ^ 

= ooo(j2^oA +R^HiRo^o)^^) +ujA(^aj{v-Ru}'){Rxvm)^^'j + \uj' ■ G (y, y')f 

with G a smooth matrix with non-zero determinant for y near y', hence R G {^MA). Also since x, y are 
even and odd functions on M respectively, they lift to even and odd functions on Mp, together with R odd, 
this implies 

Wo, (I'm, W G CAien {^o) ) R, oj' G G^dd {FIq) , 

which in turn shows that we get the same sets of even and odd functions on Mq starting with (x, y) or with 
ix,y), i.e. these sets are defined independently of choice of coordinates (from among special coordinates). 
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For future reference, we note that we have a similar expansion for any other bdf for the front face p G 
Thus, for instance given coordinates {x, y) as above, we can use projective coordinates on Mq away 
from {x = 0} of the form 


( 8 . 6 ) 


t / /N / x' y'-y 

(x, y, s , u ) := X, y, —,- 

' X X 


and a function / e will have an expansion 


/ ~ ^ X-’ fj (y, s', u ) + x^V' (a;, y, s', u ) 

j<2i 


with fj respectively even or odd with respect to u' —m' for j even or odd. 

We next extend the definition of even functions to even operators. If m is a distribution on Mg, we let $ 
act on u by demanding that for any test function, (j), 


{^*u, (j)) = (m, 0 o <!)). 

Now consider the expansion of an element K € (-Vi, at the front face 

(8.7) ^ ^pJi(logpn)'i^(..,), 

(z,p)GEii q<p 


where, with S' = (i?oi, Eiq), 

GC~ ([0,1); (»,„diagon$,,)) . 

We will say that K is even if En n {3?(2) < 2£} C Ng and g) = (—1)'’ TFq g) We will denote the space 

of operators whose kernels are even at the front face in this sense by '^'o’eveni-^) and the corresponding space 
of odd operators by 

If K is given by a function (not just a distribution) on Mg, then the criteria for the even (resp. odd) 
subcalculus is the same as on smooth functions, (8.5). On the other hand, if A is a 0-differential operator 
then it has the expected behavior on the even operators. 


Lemma 8.3. The operators xdx and x^y^ are respectively even and odd operators. Composition with xdx 
preserves even and odd operators, while composition with xdy^ interchanges even and odd operators. 


Proof. We will work in the coordinates 


t / /N I X y-y , , 

(s,M,x ,y ) := I —,- —,x ,y 


X X 


on Mg. Assume /C is a distribution on Mg such that <I)*/C = (—1)^ 1C. 
For xdx we find 


dx'dy' 


f dx^ 

(d)* {sdsJC) tp)) = - Kds4> {sx, —XU + y') ip (x', y') dsdu-— 

J (x' 


(x/)m 

dx'dy' 


f dx di 

= - J ICx'd'^(p (sx', -x'u + y') Ip (x', y') dsduj^^ 

= - I IC<^*x'd'x(p {sx', x'u + y') pj (x', y') dsdu'^l^^ 

= -(-!)■' J JCx'd'xfp (sx', x'u + y') ip (x', y') dsdu '^^J^ 


= {-iy {{sdsic),p* ( 0 ® 0 )) 
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and the same computation in the coordinates (8.6) shows that 

($* (/C o s'ds'),l3* (</) 0 ^)) = (-1)^' (/C o sU'.r (</) 0 V')) ■ 

Similarly, for x^y^ , 

f dx^ dv^ 

($* {sduX) , X { 4 > ® = - j K-duiCj) {sx', -x'u -I- y') ij) {x', y') dsdu-^—^ 

f dx' dv^ 

= - J IC{-x')dy'.(j>{sx', -x'u + y') Ip {x', y') dsduj^^ 

f dx^dii^ 

= J IC^*x'dy',(p {sx', x'u + y') Ip {x', y') dsduj-p^ 

= (-1)^ J ICx'dy>.(p {sx', x'u + y') ip {x', y') dsdu '^^J^ 

= {-iy+^{{sduX),x {y®y)) 


and likewise 

($, {K O ,X{<P® y)) = (-1)^'+' {1C o , r (0 ® V')) • 

From these computations, with K, the kernel of the identity we see that 

xd^ G °«'Len , xd^ G {m- ni'j . 

Taking instead K. as the term in the expansion of an operator at the front face, we see that xdx preserves 
the parity with respect to $ while xdy^ reverses it, proving the rest of the lemma. □ 


We prove a composition result, first for kernels in 

Lemma 8.4. 

%,TveniM) O 'SyTveniM) C 
Proof. Let A,B £ recall that 

ICaob = {Plr)^ {Plm {ICa) (d*MR {ICb)) ■ 

Let {x,y) be special coordinates on the left factor with identical coordinates {x,y) and {x',y') on the middle 
and right factors. We introduce projective coordinates 

. . .X f X y-y 

, {x,y,s,u} := x,y, -,- 

\ XX 

on the double spaces LR, LM, and MR respectively. In these coordinates, neglecting a factor of 

1 . 

dxdy ds'du' ^ 
x^ (s')™ 

on both sides, 

)Ca {x, y, s, u) K-b ( s'x, y + u'x, 4 , 4 

\ s' s' 

We know that A is an even operator, hence 

( 8 . 8 ) ICa {x, y, s, u) ~ ^ x^ (^a)^ {y, s,u) + 0 {x^^) 

3 

with {ICA)j = (—1)'^ {lCA)j, and similarly for KB¬ 




s'x,y+ u'x, —, 

c’ 


s u — u 


I / /X / x' y'-y 
{x,y,s ,u) := [x,y,—, - 
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We claim that 

(8.9) ICb ( s'x, y + u'x, ~ X! (y, s, s', u', u) + O {x"^^) 


with {^B)j = (—1)^ Indeed, the analogue of (8.8) for B yields 


1^1/ / s u — u 

ICb [ s X, y + w X, —, —— 


■ (/Cb)j ( y + ux, — 


s u — u 


s' s' 






+ O 


with Kj^i respectively even or odd with respect to the first u' in its arguments when i is even or odd. If we 
write 




Y^x'fC,, 


s u — u 




s s 


= E 


'^x'Kj^i {y,s',s,u',u) 


then 


So with 


we have 


KJ,^ (y, s', s, -u, -u) = ( y, -u , = (“1)'^^* (2/> 


s', s, v!, u). 


{^B)k{y,s,s',u',u) = y] Kj^i{y,s',s,u',u) 

i-\-j—k 


(^B)fe (y> S, s', -u', u) = (-1)'= {Cb)^ (y, S, s', u', -u) , 

hence the claim. 

Finally, we can finish the proof of the lemma by noting 

r- ^ f IT t - -Mr { ' , s u-u'\ dsdu 

K-aoB [x,y,s ,u) = J ICa (x, y, s, u) ICb I s a;, y + u x, —-— 1 j^lyK 


E (y, s, ii) {C.B)k {y, s, s', u', u) + O (x'^^) 

j,k ' 


and 


/ I'' 

{^a), (y, S, ii) {Cb)^ (y, is, s', -u', u) 


dsdu 


i-\-j=k 


dsdu 


= E / i>'^A)i{y,s,u)iCB)j{y,s,s',u',-u)-— 

z+j=k J > 


dsdu 


= E 7 i^A)j{y,s,-u){CB)k{y,s,s',u',u) 


i-\-j—k 


dsdu 


= E (- 1 )*"^^ / i^A)iiy,s,u)iCB)jiy,s,s',u',u) — 

r+j=k '' 

= (-1)^ X-AoB)k {y,s',u'). 


□ 
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It is now easy to extend composition to certain distributional kernels. Recall that if the composition is 
defined (i.e., Re (ifoi) + Re (^’lo) > —1) 


where 

Gio = {Ell + ^^lo) Uifio, Goi = {Eqi + Fii) UFoi, 

Gii = (Ell + Eli) U {Eio + Foi + m). 

Proposition 8.5. If A & B G satisfy 

• Re {Eqi) + Re (fio) > — 1 

• 5R {Elo + Eoi +m)> 2£, 

then AoB e 

Proof. Because 3? {Eio + Eqi + m) > 2£, the expansion of K-aoB at the front face below order 2£ comes from 
the expansions of 1C a, Afs at the front face, so it suffices to prove that even elements of the small calculus 
compose. 

If A and B are in the small calculus and j, k are sufficiently negative then their kernels restrict to the 
diagonal as functions and the proof of composition in Lemma 8.4 extends verbatim to cover this case. 

If the orders of A or R are not sufficiently negative to apply Lemma 8.4 then we use Lemma 8.3 to reduce 
the order of the operators involved. For instance, if G G ^'^even is any even 0-differential operator which 
is invertible as a 0-pseudodifferential operator (e.g. A -|- Id which we will soon see is even). Since every 
0-pseudodifferential operator can be written as an even operator plus an odd operator and we know that 
composition with G preserves even and odd operators, it follows that C~^ must also preserve even and odd 
operators in the small calculus (even if we do not know that C~^ is even). Hence writing A = {C~^Af) and 

similarly for B we can write the composition of A and R as a composition of lower-order even pseudodifferential 
operators with even differential operators. Thereby reducing the problem to Lemmas 8.3 and 8.4. □ 


We can also check that even operators preserve even functions. For instance, if Ka is an even operator 
kernel in the small calculus and / an even function on M, then in the coordinates (8.6) we can split K = 
Ke + xKo mod 0{x‘^^) with Kg, Kg even in x and respectively even and odd with respect to $, and similarly 
P*f = fe + xfo. Then we can see that A{f) is an even function. 


( 8 . 11 ) 


J K {x,y,s',u)f{xs\xu 

= y (RTe + xKg) (x^, y, s', u') {fe + xfo) {x'^, y, s', u') + O {x^^) 

= J (Kefe+x'^Kofo) (a;^2/, s',m')^^7^ + G , 


ds'du' 

(s')™ 


where we have used that the integral with respect to u' of an odd function in u' vanishes. Similarly, if K is 
odd and / even then K{f) is odd. 

Finally, we point out that the even subcalculus has distinguished image under the symbol maps. The 
symbol of a 0-pseudodifferential operator is a section of the zero cotangent bundle and the symbol of an 
even 0-pseudodifferential operator will be a even section. Similarly, after we identify the normal operator 
at the hber over a point q G dM with an operator on R+ x it is clear that the image of the even 

0-pseudodifferential operators on M consists of the even 0-pseudodifferential operators on R+ X IR™-b Note 
that these maps are surjective and their kernels consist of even O-pseudodifferential operators. 
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i.2. The Laplacian on forms. 


In this section we will identify even forms on M and even operators between them. We will see that the 
Hodge Laplacian is such an operator and in the next section show that its resolvent and heat kernel are as 
well. For clarity, we start by identifying even one-forms in (Af), 

w = b{x,y)— + ^ a^{x,y) — . 

X X 

i<m 

Since ^ and ^ are even and odd respectively with regards to (formally) replacing x with —x, we will say 
that w is an even form if 5 G and a G A moment’s thought shows the consistency of this 

definition in that 

rioo (T[/r.nh\ OaI ( 






Similarly, a section of °A^ (M) can be written in local coordinates as 

E dy°‘ dx dy^ 

a^{x,y)^+ 

\a.\—k \j3\—k — l 

where a and (3 are multi-index sets from {1,..., m — 1}. Just as for one-forms, we will say that lo is an even 
form, 

(8.12) a; G (M), 

if a G and /? G while for odd k, we will demand a G and (3 G 

C^g„{M). Forms in °A^^^ (M) are defined analogously so that 

(8.13) 0A'=(M) = °A,^„,„(M) + °A„^,,(M) 

(8.14) n °AJ,,(M) = x^^ 

Notice that if {x,y) are another set of special coordinates as in (8.2), then 


(8.15) 


dx l(dx dx A , .dx , , dj/* 

— = -\^dx+y—dy \=b{x,y} - ^ya^(x,y} -, 

X X \ ox OVi I X X 


with b G and a* G similarly, 

(8.16) ^ = b\x,y)- 


^ = b\x,y)^ + j:a'ix,y)^, 

rp Of ^ 


with b' G and a' G Hence the spaces of odd and even forms as defined here are 

independent of the choice of special coordinates. Note in contrast that the splitting of the bundle of 0- 
differential forms into tangential and normal parts is only well-defined up to first order in x. 

The kernel of a 0-pseudodifferential operator from j-forms to fc-forms is an element of 

«>C~(m2) (M2;/3*Hom (°A^^ ® °A^ ® . 

Neglecting density terms, we can write any such operator as 


(8.17) 


F = Y,fZp{R,i^A)Pl 

a,/3 


dx dy°' \ /dx dy ^\ ' 


dy^V 


a,f5 

Y,flp{R,ov,v)(3l ( 


dx dy^ \' 


dy^\' 
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with /”V elements of Define 


(M;0A^0A'=) 


as those operators with 


fZp e (m; , f-% f-p e (M; 

for any a and (3. Note that operators of this form compose with suitable restrictions on the index sets £. 

We need to check coordinate invariance of this space. It suffices to show that for {x,y) any other special 
coordinates, /32 (^) and /3£ are respectively even and odd with respect to dt. This follows from (8.15), 

(8.16) and the fact that /32C'“g„ C C^eni^o)^ ^ i^odd(-^o)- i-he same way, we can verify the 

comforting fact that 


is a subset of 


1 A k.\ 


Lemma 8.6. For any 0 < j < m, 

a) 

b) * e 05'0^^(M;0A^0A™-J) 

c) Ae0vl/2^g„(M;0A^0A^■) 

Proof, a) With respect to the splitting of °A^ and °A^+^ into tangential and normal parts, the exterior 
derivative acts by 

f^doM 0 \ 

xdx -°ddM) ’ 

and we have seen that xdx, xdy^ are respectively even and odd 0-pseudodifferential operators. 


b) With respect to the splitting of ^A-l and ^A™ 3 j^to tangential and normal parts, the Hodge star acts 
by 

/ 0 *aM\ 

\{—iy*dM 0 j ’ 

and *dM acts by raising indices using the metric. Since the metric is even mod its components lift to 
even functions on Mg , and thus =k S (aIq ; /3*Hom 

c) Follows from (a) and (b). □ 

Remark. Although the formulas (8.2) show that class of functions even mod is invariantly defined, 
and similarly an ‘extended’ even subcalculus replacing by in all of the constructions above, this 

does not contain the Laplacian. Indeed, it is easy to see (e.g., via [5, (1.185)]) that if we denote the x° and 
terms in the metric by g and [}, the term in the expansion of the Laplacian on functions (in a 

special bdf) is 

fl (t). Vgd-) - g ^d-, divgf} -h ^d (trgf})^ . 

For Poincare-Einstein metrics this last term vanishes, nevertheless the first term contributes 

x‘^^+^h^ixdy,xdy^ 

which is not in this ‘extended’ even calculus! 
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8.3. The Resolvent is an even operator. 


In this section we will show that the construction of the resolvent yields an operator in the even subcalculus. 
There is something to check because composition in the even subcalculus is more restrictive than composition 
in the usual large calculus. We can eliminate this restriction by arranging for the index sets to vanish to high 
enough order at the side faces. Fortunately, this is controlled by the indicial roots and can be conveniently 
arranged. 


Lemma 8.7. On hyperbolic space H™, the Laplacian, resolvent and heat kernel are all in the even subcalculus. 


Proof. It is possible to treat these operators very explicitly, see for instance [9]. Because these operators are 
natural, they are invariant with respect to the isometries of the hyperbolic metric. These isometries are rich 
enough that their kernels, lC(w,w') can only depend on the distance between the two points w, w'. It is 
known that hyperbolic distance, <5, satisfies (e.g., [26, 6.6]) 

— 2xx'+ {x'Y\y — y'\^ x^ + [x'Y + \y — y'\^ 


cosh (d) = 1 + 


\w — w 


= 1 + 


2xx' 


2xx' 2xx' 

In ‘polar’ coordinates (8.4) this pulls-back to the double space (]HI™)q to 

d2 1 

(3* cosh (S) = -= - 

2 /l COqLOjji ZtOQtOjji 

as this is an even function, the kernels will be in the even subcalculus. In fact, this shows that the kernels 
will have a constant expansion at the front face, and are globally invariant under <I>. 

□ 


Recall (e.g., [18, (4.15)]) that the inverse will vanish at the side faces according to the indicial roots. The 
indicial roots for 

A — s (to — 1 — s) 

are s and to — 1 — s and indeed we know from [26] that its inverse vanishes at the side faces to order s (for 
this indicial root x^ is locally in for 5ft(2s) > to — 1). The indicial operator for the Laplacian on forms is 
given in [24, (3.2)]. It preserves the splitting into tangential and normal parts of the form bundle and has 
indicial roots 


rn 


TO — 1 / (to — 1)2 


k (m — 1 — k) — \,rt 


TO — 1 / (to — 1)2 


(fc — 1) (to — A:) — A, 


on k forms. So if 5R(s) is large enough, we will be able to apply Proposition 8.5 and compose elements in the 
even subcalculus. It turns out that this restricted composition is enough to show that the resolvent is in the 
even sub-calculus. We illustrate for the Laplacian on functions, but the same method extends to cover forms. 


Theorem 8.8. Ifg is an asymptotically hyperbolic metric which is even mod x^^ and 5ft(2s) > max {2t — to, to — 
then 

{A-s{m-l- s))-^ e (m; , 

with 3?(i?ii) > 0 and SR(i?io), 5R(ifoi) A s. 


Proof. Let ^ = (A — s (to — 1 — s)) and assume that pn is a bdf for the front face in C'“g„(MQ). 

We know that Aii(A)“ is an even operator on H™. It extends to an even operator Ci S 'I'q (M) 

with 5R(ij{g^) > s satisfying 

iV0i(Al)A0,(Ci) = Id. 

Hence, ACi is in the even subcalculus and 

■.= AC,-IdGp,^^'lfZiM)- 
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Iteratively, for p < i, assume we have found 


(M) 


j<p 


such that 

Sp:=ACp-IdGp^,,^°:tliM). 

Then we find Cp+i G pIi by extending -N^-^{A) ^iV^f(5'p) off the front face in the even 

subcalculus. In which case Cp+i = Cp + Cp+i solves 

Sp+^ := ACp+^ -Ide 

Thus we can find C := Cn so that S := AC — Id vanishes to order p^ at the front face and 
(8.18) AC = Id + S A-^ = C- A-^S. 

Since C is in the even subcalculus, A~^ will be even if is. The index set for at the front face is 

{E^i + cfP + 2£)D (Ew + + m) , 

and it follows from the construction that > s for every p, so A~^S vanishes at the front face to order 


21 and A 1 is in the even subcalculus. 

8.4. So is the Heat Kernel. 


□ 


Recall that the heat kernel of the Laplacian is, for any fixed t > 0, an element of Thus for fixed t, 

the heat kernel is given by a smooth function on the zero double space vanishing to infinite order on the side 
faces. We will use the result of the previous section to show that, for a metric even mod , the expansion 
of the heat kernel at the front face with respect to a special bdf has no odd terms below . 

Choose A,m € K"*", and let 7 : R ^ C be the path in the complex plane: 


7(f) 


{—t, —A — nit) if t < 0 
(t, —A — mt) if t > 0 


Consider, for t > 0, the absolutely convergent integral: 


G{t) := 



X)~^dX. 


As is well-known, this is the functional calculus expression for the heat kernel. It can be shown, as in [27, 
(7.104)], that G{t) coincides with e~*‘^ as constructed in section §5. Indeed, it is easy to see that, formally, 
for any smooth /, 

dtG{t)f = ^ ^ dte-*^ (A - A)"' fdX = ^ (A - A)”' fdX 

= -A{G{t)f). 


This relates the integral kernels of the resolvent and heat kernel: 

(8.19) Htiz, z') = ^ [ e-‘^i?(A, z, z')dX. 

2.-^1 J ^, 
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As above, it is convenient to make the change of variables A = s(rn — 1 — s), and to take A, m large enough 
so that the resolvent is in the even calculus along the path ^{t) (the image of 7 under A 1 -^ s{m — 1 — s)). 
Then the expansion of H at the front face is obtained from the integral: 


H, 


27rz A 


In particular, fix a bdf for the front face pn G then along this path R{j{t)) will be even and we 

conclude that the heat kernel itself will be even. We summarize with the following corollary. 


Corollary 8.9. For a conformally compact metric even mod , the pointwise trace of the heat kernel is 
even mod for any special bdf, x. In particular, if 21 > m, the renormalized trace of the heat kernel on 
functions, obtained after choosing a special bdf, is independent of the choice of special bdf. 


Proof. The results of the last section show that the heat kernel restricts to the diagonal to a density 
even mod (after identifying the diagonal of Mq with M). As we discussed above, ii 2£ > m this im¬ 
plies that its renormalized integral is independent of the choice of special bdf (cf. [1, Thm. 2.5]). □ 


Remark. One can play the same game (8.19) to define /(A) for other functions (with suitable growth 
restrictions, e.g., absolute integrability). These kernels inherit the even expansion of the resolvent at the front 
face. If their kernels are sufficiently regular to restrict to the diagonal, and 2£ > m then their renormalized 
trace will be well-defined, independently of the choice of special bdf. A forthcoming article of Guillarmou 
explores this direction. 
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